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This paper presents a statistical theory of stochastic evaporation and degradation processes in complex
polymerlike ring and chain aggregates with multiple degrading bonds between the primary particles �mono-
mers�. The exact kinetic solution fully describing fragmentation processes is obtained for such aggregates with
arbitrary number of primary particles �monomers� and bonds between them. The effects of additional interac-
tion of multiple bonds with each other is shown to have a drastic impact on the predicted kinetic processes and
time-dependent particle size distributions during aggregate degradation. Structural effects associated with
different distributions of multiple bonds and bonding configurations in the aggregates are also investigated and
shown to have a significant impact on typical fragmentation time and accumulation of fragmenting aggregates
in intermediate modes. The developed theory and its results will be important for degradation of multistranded
polymers, polymer networks, self-assembling structures, surface nanoclusters and nanotechnology, and forma-
tion and evolution of aerosol aggregates resulting from transport and industry emissions.

DOI: 10.1103/PhysRevE.77.021105 PACS number�s�: 05.20.�y, 82.20.Uv, 02.50.Ey, 82.70.Rr

I. INTRODUCTION

Statistical and probabilistic approaches play an essential
role in the theoretical description of a wide range of complex
processes in modern thermodynamics and statistical physics,
chemical physics, physical and chemical kinetics, etc. In par-
ticular, a significant body of literature is available on statis-
tical analysis of various stochastic evolutionary processes
during aggregation and degradation of polymerlike systems.
These include kinetics of thermal and radiative polymer deg-
radation �1–7�, degradation of double-stranded polymers
�1,8,9�, fractals and polymer multichains �10,11�, biological
macromolecules �12,13�, kinetics of self-arrangement and
degradation of reversible polymer networks �14,15�, poly-
merization and aggregation of clusters �including sol-gel
transitions� �11,16–24�, and thermal fragmentation of nano-
particle clusters due to stochastic evaporation of bonding
molecules �25–30�.

Methods of analysis of different types of degradation and
fragmentation processes in polymerlike systems �such as
polymers, macromolecules, and particle aggregates� are
based upon consideration of stochastic breakage �evapora-
tion� of bonds between the primary elements �such as mono-
mers, primary particles, etc.� in an aggregated system �1–7�.
The analysis of such fragmentation �scission� is typically
based upon direct solution of the kinetic equations of frag-
mentation �resembling the Smoluchowski equation for co-
agulation�, or statistical methods �2,3�. However, direct solu-
tion of the fragmentation kinetic equations requires the
knowledge of fragmentation rates �kernels in the fragmenta-
tion equation� for each of the links between the primary el-
ements of the polymerlike aggregate �2,3�. These fragmenta-
tion rates are typically evaluated from a particular physical
model and may be significantly different �leading to signifi-
cantly different solutions�, for example, for random scission
and when the scission rate depends upon the length of the
fragmenting chain aggregate �2,3�.

Multiple bonds between neighboring primary elements in
an aggregate may significantly affect the process of degrada-
tion and fragmentation and substantially complicate determi-
nation of fragmentation rates. For example, in the general
situation where the number of bonds may vary from one link
in a chain aggregate to another, the fragmentation kernels are
difficult to evaluate, especially if these bonds interact with
each other in every particular link. Similar complications
arise when using the master equation for the analysis of frag-
mentation of chain aggregates with multiple bonds �23,31�.
As a result, the current literature contains very limited con-
sideration of degradation kinetics of polymerlike structures
with multiple bonds. Even for identical number of bonds in
each of the links in a chain aggregate, fragmentation rates
�fragmentation kernels� have not been investigated so far.

Papers �27,28� used random graph theory representation
for the analysis of stochastic degradation and evaporation
processes in chain nanoparticle aggregates with multiple
bonds. Though the analysis was conducted on the example of
fragmentation of aerosol nanoparticle clusters resulting from
combustion emissions, the obtained results and approaches
are applicable for any type of polymerlike system �e.g., poly-
mer networks with quadruple hydrogen bonds �14,15��.

The analysis was generalized to chain aggregates with
arbitrary number of primary particles �primary elements�
and/or bonds between them �27,28�. However, the actual ap-
plication of the developed approach to large chain aggregates
is difficult. This is because the approach relies upon the con-
sideration of all possible evolutionary paths in the random
graph representing stochastic evaporation of multiple bonds
between the particles, and the number of such possible paths
rapidly increases with increasing number of particles and/or
bonds in the chain �27,28�.

The relationship between coagulation/polymerization and
random graphs was recognized long ago �19�. Recently, an
interesting approach, based on time evolution of a random
graph, was developed by Lushnikov �23� with the intention
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of applying it for the analysis of coagulation in finite systems
with the sol-gel transition �21–24�. The vertices of the graph
represented particles, and edges between them represented
bonds between the particles. Introducing new edges in such a
graph is equivalent to increasing the number of bonds be-
tween the particles, i.e., formation of particle aggregates.
New bonds between the particle aggregates �new edges be-
tween linked components of the graph �23�� are equivalent to
their coagulation. Time-dependent probabilities of finding
the coagulating system in particular states are then found as
an exact solution within the proposed model. The resultant
time-dependent mass spectrum for the particle aggregates is
in exact agreement with that obtained from the Smolu-
chowski equation with the coagulation kernel proportional to
the product of masses of coagulating particles �23�.

However, this approach is not applicable for the consid-
eration of stochastic evaporation of multiple bonds between
the particles �aggregate primary elements�. First, the model
developed in Ref. �23� does not allow consideration of mul-
tiple bonds between the primary particles, because only a
single edge �representing a single bond� was allowed to be
formed between any two primary particles �represented by
the graph vertices�. Second, during fragmentation and degra-
dation, the rate of removal of bonds �edges of the graph� is
time dependent and has to be determined together with the
probability distribution for different possible states. Third,
the process of stochastically filling edges in a random graph
is significantly different from stochastic removal of these
edges from the random graph, which is what would be
equivalent to the processes of degradation and evaporation of
bonds. For example, the efficiency of coagulation of two
particle aggregates is proportional to the product of the num-
bers of primary particles forming these aggregates, i.e., to the
number of options for a bond between the two aggregates to
be formed �23�. On the other hand, the efficiency of evapo-
ration of one bond between two clusters is independent of
the number of primary particles in them. Therefore, adding
one edge to the graph results in coagulation with signifi-
cantly larger probability than removing one edge results in
fragmentation. Finally, the model developed in Ref. �23�
does not take into account the possibility of additional inter-
action between two or more bonds, and such interaction
would significantly change bonding energy per one bond in
the case of multiple bonds �27,28�.

Therefore, the aim of this paper is to develop a general
theoretical approach for the analysis of degradation in poly-
merlike systems, based on statistical consideration of sto-
chastic evaporation of multiple bonds in chain and ring ag-
gregates with arbitrary numbers of primary particles and
arbitrary number of mutually interacting and noninteracting
bonds between them. Contrary to Refs. �27,28�, this devel-
oped approach will not require the knowledge of all possible
evolutionary paths in the random graph representing the pro-
cesses of evaporation and degradation of bonds, and thus it
will be immediately applicable for arbitrarily large aggre-
gates with multiple bonds. Typical examples demonstrating
the effects of internal aggregate structure and additional in-
teraction between multiple bonds are also presented and dis-
cussed. Comparison with the previously obtained results for
fragmentation of chain aggregates with random scission of

single bonds between the primary elements �2� will be con-
ducted.

II. FRAGMENTATION OF MULTIPLE BONDS

A. Noninteracting indistinguishable bonds

Consider a cluster consisting of three monomers �primary
particles� that are connected into a chain by two links, each
link consisting of four indistinguishable bonds �Fig. 1�. In
general, we will use the term “n-mer” to denote a cluster
containing n linked monomers �primary particles�, and the
number of indistinguishable bonds in each link will be
termed as the “order” of the link. A possible physical ex-
ample of a chain 3-mer shown in Fig. 1 is an aerosol cluster
with three primary particles bonded together by eight volatile
molecules �eight bonds� �27,28�. The bonding volatile mol-
ecules may evaporate, eventually resulting in fragmentation
of the cluster when the orders of one or both the links be-
come zero �27,28�. Another example could be a quadruple
hydrogen bonded 3-mer �14,15�.

Stochastic evaporation �degradation� of bonds in any link
is assumed to be a process governed by the Poisson distribu-
tion �32�. In other words, we assume that the process of
evaporation of any bond �e.g., bonding molecule� from a link
is not affected by the history of evolution and degradation of
the link, but depends only on the current state of the link and
external conditions �e.g., temperature�. A Poisson process is
characterized by a rate constant 1 /�, where � is the time
interval within which the probability for the process �bond
evaporation� not to occur is reduced by a factor of e �32�.

In this subsection, we also assume �more general case is
considered below in this paper� that the multiple bonds in a
link do not interact with each other �see also Refs. �27,28��.
This means that the energy that should be given to one bond
�e.g., a bonding molecule� to ensure its degradation evapora-
tion is independent of the number of such bonds in a link
�27,28�. In this case, the probability for any bond to evapo-
rate from a link within a time interval t, given that this bond
was present at the moment of time t=0, is given by �32�

Pe�t� = 1 − e−t/�. �1�

The probability that there has been no evaporation of the
considered bond is then

Pb�t� = e−t/�. �2�

We also assume that each bond in a link of an arbitrary order
i0 evaporates independently of the other i0 bonds. In this

Link 1 Link 2

Bonds
(bonding molecules)

FIG. 1. A chain 3-mer �consisting of three primary particles/
monomers� with quadruple bonds in the two links.
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case, evaporation of each of the bonds in the link can be
considered using the binomial probability �evaporated or not
evaporated�. Then the probability that the order of the link is
reduced from i0 at the moment of time t=0 to i� i0 within
the period of time t is given as

P�i,t�i0,0� = �i0

i
��Pb�t��i�Pe�t��i0−i. �3�

Fragmentation of the link occurs when all the bonds have
evaporated, i.e., the order of the link becomes i=0. Therefore
the probability that a link of the order i0 fragments within the
period of time t is

P�0,t�i0,0� = �Pe�t��i0 � Pfi0
�t� . �4�

The link does not fragment within the same period of time t
if there is still at least one bond in it, i.e., its order is i�1.
The probability for this is given by

P��0,t�i0,0� = 1 − Pfi0
�t� � Pli0

�t� . �5�

Because degradation and evaporation processes in different
links in an arbitrary n-mer occurs independently, Eqs. �4� and
�5� fully determine fragmentation of such an n-mer through
the determination of fragmentation probabilities as functions
of time for all the links. This fully determines time-
dependent concentrations and numbers of all intermediate
r-mers �with r�n� resulting from fragmentation of N0 origi-
nal n-mers—see Sec. III below.

B. Interacting indistinguishable bonds

In the previous section, we considered stochastic evapo-
ration and degradation and fragmentation processes in a link
with multiple indistinguishable bonds noninteracting with
each other. As a result, the evaporation time � for any of the
bonds was independent of the number of these bonds �bond-
ing molecules� in the link. However, multiple indistinguish-
able bonds in one link may interact with each other, resulting
in increasing the overall energy of interaction per one bond
�27,28,33�. For example, this may occur when multiple
bonds between primary particles in an aerosol cluster are
formed by volatile molecules �25–28� interacting with the
particles and each other by means of van der Waals forces
�27,28�. In this case, the energy that should be given to one
molecule to ensure its evaporation from the link, which is the
binding energy of evaporation, is larger than the energy that
is required for evaporation of a single volatile molecule
�single bond� from a link of the order i=1 �27,28�. We will
assume that interaction between multiple bonds results in
equal increase of binding energy of evaporation for all the
bonds in a link �27� �which makes them indistinguishable
even in the presence of their mutual interaction�. This ap-
proximation can be regarded as reasonable only if the num-
ber of bonds in the link is small �e.g., less than 4 or 5�, so
that all of them can be assumed to have approximately the
same probability of evaporation. If the number of bonding
molecules is large, they effectively form a bonding droplet or
cluster of molecules, in which surface effects �such as sur-
face tension� may become significant, the internal molecules

will have smaller probability of evaporation. In this case, the
approach developed in this paper will not be applicable.

If binding energy of evaporation increases with increasing
order of the link, the characteristic evaporation time for a
bond also depends on the link order �27,28�. The simple
approach considered in Sec. II A is no longer applicable, and
a different method of analysis based on the determination of
the moment generating function �MGF� �32,34� is developed.

The characteristic evaporation time for any of the k indis-
tinguishable bonds in a link is �k=�k�, where � is the typical
evaporation time for a single bond in a first-order link, and
�k is a factor increasing the typical evaporation time for a
bond, due to mutual interaction between multiple bonds in a
multiorder link �27,28�. Because the strength of interaction
between the bonds in the link increases with increasing num-
ber of bonds �order of the link�, the � factors depend on
�typically increase with� increasing order of the link. The
actual values of the � factors depend upon the nature of
interaction between the bonds. This particular problem is be-
yond the scope of this paper that is rather focused on the
general consideration of degradation and fragmentation in
general polymerlike systems.

The Poisson rate at which the number of bonds in a link
decreases from k to k−1 is given by �k=k /�k=k / ��k�� �27�.
The k factor in this equation appears because the reduction of
the link order by 1 can be achieved by evaporation of any of
the k indistinguishable bonds, which occurs within the time
interval �k /k.

We define the random variable Tk as the time interval
within which the order of the link remains k, before decaying
into the state with �k−1� bonds. For the Poisson evaporation
and degradation process with the rate �k, it can be shown
that the probability density function �PDF� for the random
variable Tk is given as �32,34�

fTk
�t� = �k exp�− �kt� , �6�

where the origin of time is taken at the moment when the
order of the link is reduced from k+1 to k.

We wish to find the PDF for the interval of time that it
takes for the link to evolve from the initial state with i0
indistinguishable interacting bonds to the state with i indis-
tinguishable interacting bonds. Such a degradation process is
associated with the random variable

�i = 	
k=i+1

i0

Tk, �7�

which represents the actual time interval that it takes for
a link with the initial order i0 to reach the state with the
order i.

To find the PDF for �i, we use the method based on the
moment generating function �MGF�, which is defined for the
Tk random variables as MTk

�s�=E�exp�sTk��, where E�¯�
means expectation value of the function in brackets �34�. It
follows from this definition that the MGF is the Laplace
transformation of the respective PDF �see Eq. �6�� �32,34�:
MTk

�s�=�k / ��k+s�. According to the theorem for a sum of
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random variables �33�, the MGF for the random variable �i
is the product of MGFs for the random variables in the sum
�7�:

M�i
�s� = 


k=i+1

i0

MTk
�s� = 


k=i+1

i0 �k

�k + s
. �8�

The required PDF of �i is then obtained by applying the
inverse Laplace transform to M�i

�s�:

f�i
�t� = L−1�M�i

�s�� = L−1� 

k=i+1

i0 �k

�k + s
� . �9�

The expression f�i
�t�dt gives the probability that the consid-

ered link in the initial state with i0 bonds at the moment of
time t=0 reaches the state with i bonds within the time in-
terval between t and t+dt. The probability P�i , t�i0 ,0�� that
the considered link can be found in the state with i bonds at
the moment of time t is then given as

P�i,t�i0,0� = �
0

t �L−1� 

k=i+1

i0 �k

�k + s
� − L−1�


k=i

i0 �k

�k + s
�
dt ,

�10�

where the first term in the integrand represents the probabil-
ity that the state with i bonds is reached within the time
interval �0, t�, while the second term �with negative sign�
gives the probability that the link has reached and already
left the state with i bonds �i.e., further decayed into states
with lower order�. In other words, the second term in the
integrand in Eq. �10� gives the probability that the state with
i−1 bonds is reached within the time interval �0, t�.

If �k��q for all positive integers k and q such that k
�q, then every pole in the inverse Laplace transform in Eq.
�10� is simple. Taking into account the above definition of
�k, we see that this occurs when k�q�q�k for all positive
integers k and q such that k�q. In this case, finding the
inverse Laplace transforms and taking the integrals in Eq.
�10�, we obtain

P�i,t�i0,0� = � 

k=i+1

i0

�k�	
k=1

i0 �e−�kt 

q=1�q�k�

i0

��q − �k�−1
 .

�11�

As mentioned above, this equation has been derived under
the assumption that �k��m for all positive integer k and m
between 1 and i0, such that k�m. If �k→�m, then the sum
in Eq. �11� contains the two terms

e−�kt��m − �k�−1 

q=1

�q�k,m�

i0

��q − �k�−1

+ e−�mt��k − �m�−1 

q=1

�q�k,m�

i0

��q − �m�−1

each of which tend to infinity. However, it can be seen that
their sum has a finite limit at �k→�m, which suggests that

Eq. �11� can still be used �if the limit is taken� even if �k
=�m. This has also been confirmed by the numerical analysis
demonstrating that Eq. �11� gives a finite limit at �k→�m.

If we assume that �m=1 �i.e., �k=k /��, then Eq. �11�
yields

P�i,t�i0,0� =
i0!

i!
�i0−i	

k=i

i0 e−tk/�

�i0−i�i0 − k� ! �k − i�!
�− 1�k−i

= 	
k=i

i0 i0!

k ! �i0 − k�!
k!

i ! �k − i�!
�− 1�k−ie−tk/�

= 	
	=i

i0 �i0

	
��	

i
��− 1�	−ie−t	/�

= �i0

i
�	

	=i

i0 �i0 − i

	 − i
��− 1�	−ie−t	/�

= �i0

i
��Pb�t��i�Pe�t��i0−i

which is identical �as expected� to Eq. �3�. The last step in
this derivation is done by changing the index of summation
and using the binomial theorem.

Equations similar to Eqs. �4� and �5� in the presence of
bond interaction can be found by substituting i=0 into Eq.
�11�:

P�0,t�i0,0� � Pfi0
�t� = 1 − 	

k=1

i0

exp�−
kt

��k
� 


q=1

q�k

i0 �1 −
k�q

q�k
�−1

,

�12�

which is the probability that the link fragments within the
period of time t, and

P��0,t�i0,0� � Pli0
�t� = 1 − Pfi0

�t� , �13�

which is the probability that the link does not fragment
within the period of time t, i.e., there is still at least one bond
in it �i�0�.

III. DEGRADATION OF RINGS AND CHAINS

In this section, we consider fragmentation kinetics of
chain and ring polymerlike structures �particle aggregates�,
based on the derived Eqs. �4� and �12� determining the prob-
ability for a link to break within an arbitrary time interval t.
A typical ring aggregate � is shown in Fig. 2 with n links
labeled by Greek letters �� ,	 ,
 , . . .� with the initial number
of bonds i� , i	 , i
 , . . ., respectively.

We define a column and a row n-dimensional fragmenta-
tion state vectors for the � cluster:
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���t�� =�
Pfi�

�t�

Pfi	
�t�

]

Pfi�
�t�
�, ���t�� = �Pfi�

�t� Pfi	
�t� ¯ Pfi�

�t�� ,

�14�

whose components are the probabilities for the respective
link to fragment within the time interval t. We also define the
diagonal n�n linking matrix D��t� and n�n permutation
matrix 
 as follows:

D��t� =�
Pli�

�t� 0

Pli	
�t�

�

0 Pli�
�t�
�;


 =�
0 ¯ 0 1

1 0 ¯ 0

0 � � ]

] � � �

0 ¯ 0 1 0
� . �15�

Note that each of the two matrices have only one nonzero
element in each row and column. The diagonal elements of
the linking matrix are the probabilities for the links in the
ring not to fragment within the time interval t �e.g., Pli�

�t�
=1− Pfi�

�t��.
When the column ���t�� vector is multiplied by the per-

mutation matrix from the left �or the row vector ���t�� from
the right�, the components of this vector experience cyclic
permutations, i.e., the last component Pfi�

�t� in the column

vector in Eq. �14� is shifted into the first place �or the first
component Pfi�

�t� of the row vector is shifted to the last

place�. This operation is equivalent to the rotation of the ring
in Fig. 2 clockwise through one link for the column vector
�or counterclockwise for the row vector�.

To find the probability of obtaining an r-mer �with r�n�
from the initial ring aggregate � within a time interval t, we
start from the monomer labeled A in Fig. 2 and calculate the

probability Pfi�
�t� that by the moment of time t the link la-

beled � has disappeared �fragmented�. Then, starting from
link �, find the probabilities for each of the r−1 links on the
left of monomer A not to fragment within the same time
interval t �e.g., for the �th link, this will be the probability
Pli�

�t��. Calculate the probability for the rth link on the left

of monomer A to fragment within the same period of time.
Because the degradation and evaporation processes in differ-
ent links are independent, multiplying all these probabilities
gives the probability of getting the r-mer aggregate within
the period of time t. However, this would only be the prob-
ability of getting the r-mer from a particular section of the
initial ring, i.e., consisting of r monomers starting from
monomer A to the left �counterclockwise along the ring in
Fig. 2�. To take into account also the probabilities of getting
r-mers from different sections of the ring �, we conduct the
same procedure starting from all other monomers in the �
ring �but not just from monomer A as discussed above�, and
then sum over all the obtained probabilities.

Similarly, to calculate the probability to obtain a n-mer
chain aggregate from the original n-mer ring aggregate �,
start from link � and multiply the probability Pfi�

�t� for this

link to fragment �break� by the respective probabilities for all
other links not to fragment within the same time interval t.
This gives the probability to obtain an n-mer chain aggre-
gate, under the condition that the break of the initial ring
occurs at link �. Conduct the same procedure starting from
all other links in the initial n-mer ring aggregate � and sum
over all resultant J different probabilities. This gives the final
overall probability to obtain a n-mer chain aggregate from
the original n-mer ring aggregate � within the time interval
t. The probability of getting a ring n-mer aggregate from the
original n-mer ring aggregate � within the time interval t
�i.e., the probability that the original ring does not break into
a chain� is calculated simply by multiplying the probabilities
for all the links not to fragment within the time interval t.
The sum of the two probabilities to obtain n-mer chain and
ring aggregates will then give the overall probability of get-
ting a n-mer aggregate �chain or ring� from the original
n-mer ring aggregate �.

Mathematically, the resultant overall probabilities of get-
ting different r-mers from the original � ring �ring n-mer�
can be conveniently represented using the introduced link
and permutation matrices. Multiplying these probabilities by
the initial number N0 of identical ring aggregates �, we ob-
tain the expectation numbers Qr�� , t� of r-mers at the mo-
ment of time t:

Qr��,t�

= �N0n�1�
�D��t�
�n−1��n − 1���t� + 1� , for r = n ,

N0���t��
�D��t�
�r−1���t�� , for r � n ,
�

�16�

where �1� is a row n-dimensional vector with all its compo-
nents equal to 1,

α

β

γ

δε

ω

Ψ

Z
A

B

C

D
E

F

N

FIG. 2. Diagram of a ring cluster �n-mer� � with n primary
particles �monomers� denoted by the black circles and capital let-
ters; the links in the ring are identified by Greek letters �� ,	 ,
 , . . .�
with the initial number of bonds i� , i	 , i
 , . . ., respectively.
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��n − 1���t� + 1� � �n − 1����t�� + �1� , �17�

and �1� is a column n-dimensional vector whose components
are all equal to 1.

The origin of Eq. �16� could be understood from the fol-
lowing consideration. For example, for r�n, application of

 and then D��t� to the column vector ���t�� results in the
vector

D��t�
�
Pfi�

�t�

Pfi	
�t�

]

Pfi�
�t�
� =�

Pfi�
�t�Pli�

�t�

Pfi�
�t�Pli	

�t�

]

Pfi�−1
�t�Pli�

�t�
� . �18�

The components of this vector are the probabilities for all
possible states with one link fragmented and the next link on
the right not fragmented. Different vector components corre-
spond to all possible positions of the fragmented link in the
initial ring �. The second application �in accordance with
Eq. �16�� of 
 and then D��t� to vector �18� gives

D��t�
�
Pfi�

�t�Pli�
�t�

Pfi�
�t�Pli	

�t�

]

Pfi�−1
�t�Pli�

�t�
� =�

Pfi�−1
�t�Pli�

�t�Pli�
�t�

Pfi�
�t�Pli�

�t�Pli	
�t�

]

Pfi�−2
�t�Pli�−1

�t�Pli�
�t�
� .

�19�

The components of this new vector are the probabilities for
the states with one link fragmented and the next two links on
the right not fragmented. Different vector components again
correspond to all possible different positions of the frag-
mented link in the initial ring �. Repeating this procedure
r−1 times �see Eq. �16�� gives a vector whose components
are the probabilities for all possible states with one link frag-
mented and the next r−1 links on the right not fragmented.
Multiplying this vector by ���t��
 from the left �see Eq.
�16�� gives the sum of all the probabilities to have one link in
the initial ring � fragmented, r−1 links on the right not
fragmented, and the rth link on the right also fragmented
�which gives the r-mer� for all possible positions of the first
fragmented link in the initial ring �. Multiplying this sum by
the initial number of identical clusters � gives the overall
expected number of r-mers �with r�n� at an arbitrary mo-
ment of time t—Eq. �16�.

Expectation numbers of r-mers at the moment of time t,
resulting from degradation of an arbitrary initial chain aggre-
gate �� �Fig. 3� can easily be found from Eq. �16�. Indeed,
an arbitrary chain aggregate �Fig. 3� is equivalent to the ring
aggregate �Fig. 2� with i�=0. Therefore, the equations for the
expectation numbers of r-mers at the moment of time t, re-
sulting from degradation of an arbitrary chain aggregate ��,
immediately follow from Eq. �16� with i�=0:

Qr���,t�

= �N0n�1�
�D�� �t�
�n−1��n − 1����t� + 1� , for r = n ,

N0����t��
�D�� �t�
�r−1����t�� , for r � n ,
�

�20�

where

D�� �t� =�
Pli�

�t� 0

�

Pli�
�t�

0 0
�, ����t�� =�

Pfi�
�t�

]

Pfi�
�t�

1
� .

�21�

Significant simplifications can be made for the expectation
numbers Qr for both chain and ring aggregate structures
when all the links have uniform order. It can be shown that
for a n-mer ring � in which every link is of the order i0

Qr��,t� =�N0Pli0

n−1�Pli0
+ nPfi0

� , for r = n ,

N0nPli0

r−1Pfi0

2 , for r � n ,
� �22�

and for a n-mer chain �� in which every link is of the order
i0

Qr���,t� =�N0Pli0

n−1, for r = n ,

N0Pli0

r−1�2Pfi0
+ �n − r − 1�Pfi0

2 � , for r � n .
�

�23�

This simplification is also useful as it allows analysis of even
more complex structures, such as combinations of rings and
chains. This could be done through the consideration of all
possible positions of r-mers inside the complex structure.

It can be seen that Eq. �23� has exactly the same form as
Eq. �50� from the paper by Ziff and McGrady �2�. This is
expected, because Eq. �23� has been derived under the con-
dition of identical links �having equal number of bonds� be-
tween the primary elements in the chain aggregate. There-
fore, the probability to break within any chosen period of
time is the same for all of these links. This is equivalent to
the situation of random scission considered in Ref. �2�. The
difference is that the actual values of Pfi0

and Pli0
in Eq. �23�

are different from those in Ref. �2�—see Eqs. �4�, �5�, �12�,
and �13�. This is because Ref. �2� analyzed fragmentation of
chain aggregates with single bonds between the primary el-
ements of the chain, while we consider multiple noninteract-

α β γ

Ψ'

A B C D Z

FIG. 3. Diagram of a chain cluster �n-mer� �� with n primary
particles �monomers� denoted by the black circles and capital let-
ters; the links in the chain are identified by Greek letters
�� ,	 ,
 , . . .� with the initial number of bonds i� , i	 , i
 , . . .,
respectively.
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ing �Eqs. �4� and �5�� and interacting �Eqs. �12� and �13��
bonds between any two primary elements of the chain. It is
obvious that for single bonds between primary elements in a
chain aggregate, Eq. �23� is fully identical to Eq. �50� from
Ref. �2�.

Note that the developed general theoretical approach to
stochastic degradation and fragmentation of polymerlike
clusters with multiple bonds is fully consistent with the
method developed in Refs. �27,28�. However, the current ap-
proach appears to be significantly more general and provides
the exact analytical solution for significantly more complex
aggregated structures with arbitrary numbers of primary par-
ticles and interacting bonds between them.

IV. NUMERICAL RESULTS AND DISCUSSIONS

Using the obtained general exact solution for the stochas-
tic degradation and fragmentation processes in complex ring-
like and chainlike aggregates with arbitrary number of mul-
tiple bonds, we can now consider specific examples of such
aggregates, and investigate the effect of structural parameters
and number of bonds in the initial aggregates on their ther-
mal fragmentation. This will be demonstrated on the ex-
amples of different types of ring and chain 4-mers.

Figure 4 shows the effect of interaction between multiple
bonds in a link on the evolution of N0=100 identical 4-mer
ring aggregates � with second-order links. The dependen-
cies of aggregate numbers are plotted as functions of time
which is normalized to the evaporation time � for a single
bond in a first-order link. Such normalization makes the pre-
sented figure �as well as other dependencies below� appli-
cable for any possible values of evaporation time. The actual
values for � should be determined by the nature of bonds
between the primary particles �monomers�. For example, for

combustion aerosol aggregates, where multiple bonds may
be formed by volatile molecules, it was found that typically
t�10 s �26,27� �which certainly depends on ambient tem-
perature, particle dimensions and composition, type of vola-
tile molecules, vapor pressure of volatile compounds in the
air, etc. �27�.�

The set of solid curves in Fig. 4 demonstrates typical
time-dependent numbers of 3-mers, 2-mers, and 1-mers ob-
tained as a result of thermal fragmentation of the initial N0
=100 identical ring aggregates � with four primary particles
each, if there is no interaction between the double bonds in
each of the links �i.e., �1=�2=1�. The set of the dashed
curves gives the same dependencies but in the presence of
additional interaction between the double bonds in each of
the links. We assume that such interaction results in the 4%
increase of binding energy of evaporation per one bond in a
pair of bonds, compared to a single bond in a first-order link.
This results in �1=1 and �2=2.69 �27�.

Although the maximum numbers �concentrations� of the
2-mers and 3-mers are hardly affected by the interaction of
double bonds in each of the links in the � aggregates, there
is a significant delay with the fragmentation processes �com-
pare solid and dashed curves in Fig. 4�. This is due to higher
stability of links with additional interaction between the mul-
tiple bonds. The reasons why there is no accumulation of
aggregates in the intermediate fragmentation modes �2-mer
and 3-mer modes in Fig. 4�, despite fragmentation delays
associated with bond interaction, were discussed in Ref. �27�.
One of the outcomes demonstrated by Fig. 4 is that fragmen-
tation processes are highly sensitive to any additional inter-
actions between multiple bonds in a link, which should thus
be carefully taken into account when considering kinetics of
fragmentation and degradation processes in polymerlike sys-
tems with multiple bonds.

The effects of structural variations of initial aggregates on
their degradation and fragmentation are demonstrated on the
example of the three different types of the initial 4-mers:
�1,2,3—Fig. 5. Aggregates �1 and �3 are immediately de-
scribed by the general solutions obtained in the previous sec-
tion �Eqs. �16� and �20��, while the analysis of degradation of
aggregates �2 is based upon separate consideration of frag-
mentation probabilities for every link in the initial aggregate.
Here, we also assume that there is no interaction between
multiple bonds in a link �i.e., all the � coefficients are as-
sumed to equal 1�. As a result any differences between the
resultant time-dependent numbers of intermediate aggregates

0 0.5 1 1.5 2 2.5 3 3.5
0

50

100

150

Time, t/τ

N
u
m
b
e
r
o
f
r-
m
e
rs 4-mers

1-mers

3-mers

2-mers

FIG. 4. Time-dependent numbers of r-mers during thermal deg-
radation and fragmentation of N0=100 identical ring aggregates
with n=4 primary particles and the initial number of bonds, i0=2
bonds, in each of the four links; � is the evaporation time for a
single bond in a first-order link �e.g., for combustion aerosol aggre-
gates ��10 s �26,27��. Solid curves: noninteracting identical bonds
in the link ��1=�2=1�. Dashed curves: interacting identical bonds
in the links ��1=1, �2=2.69 which correspond to the 4% increase
of binding energy of evaporation for two bonds in a link �27��.

Ψ1 Ψ2

Ψ3

FIG. 5. Three different structures of the initial 4-mers: a chain
with quadruple bonds in the first link ��1�, a ring of three primary
particles and one extra primary particle attached to it ��2�, and a
ring of 4 primary particles ��3�. Solid lines indicate bonds between
the particles.
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should be attributed solely to structural differences between
the three different types of initial 4-mers �Fig. 5�.

It can be seen that in this case for the aggregates �2, we
have

Qr��2,t� =�
N0Pl2

3 �Pl2
+ 3Pf2

� , for r = 4,

N0Pf2
Pl2

2 �Pl2
+ 5Pf2

� , for r = 3,

2N0Pl2
Pf2

2 �1 + Pf2
� , for r = 2,

N0Pf2
�1 + Pf2

�2, for r = 1.
� �24�

Notice that each of the three initial aggregates �Fig. 5� has
the same number of primary particles �four� and the same
total number of bonds �eight�. Nevertheless, they display sig-
nificantly different fragmentation kinetics �see Fig. 6� which
is related to their different internal structures.

For example, the largest maximum of the number �con-
centration� of 2-mers during fragmentation of the �1 aggre-
gates is related to the fact that the first links in the initial state
of this aggregate contains four bonds �Fig. 5�. Therefore,
fragmentation of this link is delayed �until all four bonds
have evaporated�, which leads to a significant accumulation
of aggregates in the intermediate 2-mer state �Fig. 6�. The
typical structure-induced variations in numbers �concentra-
tions� of the intermediate aggregates could be as high as
�50% �Fig. 6�. The more complex the initial aggregates, the
stronger could be the differences in their degradation and
fragmentation, caused by their different internal structures.

On the other hand, the curves for 1-mers for the initial
aggregates �1 and �2 are identical in Fig. 6. This is because
for each primary particle in the initial aggregate �1 there is
an equivalent particle in the aggregate �2 that is bonded to
the rest of the aggregate by the same number of bonds. For
example, the first and second particles in aggregate �1 are
equivalent to the first and third particles in aggregate �2, the
third particle in �1 is equivalent to the second particle in �2,
and the fourth particle in �1 is equivalent to the fourth par-

ticle in �2. Because degradation of all the links occurs inde-
pendently, this means that the rate of detaching primary par-
ticles from both these initial aggregates is the same, which
results in identical curves for 1-mers for �1 and �2 in Fig. 6.
This provides a simple rule for the determination of similar
features in evolutionary kinetics for structurally different ini-
tial aggregates �this rule could also be extended to 2-mers
and r-mers, though in these cases it will be significantly
more complicated�.

Degradation and fragmentation processes of an aggregate
with multiple bonds also significantly depends upon permu-
tations of the links in the initial aggregate. For example, Fig.
7 shows the fragmentation curves for the two initial chain
aggregates, both consisting of four primary particles con-
nected by three links with the following orders: 4-1-3 �initial
aggregate �1� and 3-4-1 �initial aggregate �2�. Substantial
�more than 50%� differences, especially for the 2-mer and
3-mer intermediate states, are demonstrated for fragmenta-
tion of the aggregates �1 and �2 �Fig. 7�. This once again
demonstrates the importance of the initial structure and com-
position of the aggregate for its stochastic degradation and
fragmentation kinetics. Introducing additional �weak� inter-
action between multiple bonds in a link results in the possi-
bility of even stronger structural effects on degradation ki-
netics.

V. CONCLUSIONS

The exact analytical solution for stochastic degradation
and fragmentation of polymerlike systems �aggregates� with
multiple bonds has been obtained in the general case of chain
and ring aggregates with arbitrary number of primary par-
ticles �monomers� and arbitrary number of interacting and
noninteracting bonds between them. The obtained solution
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FIG. 6. Time-dependent numbers of r-mers during thermal deg-
radation and fragmentation of N0=100 identical aggregates of types
�1 �dashed curves�, �2 �dotted curves�, and �3 �solid curves�; � is
the evaporation time for a single bond in a first-order link. No
interaction between multiple bonds in a link is assumed �i.e., the �
coefficients are all equal to 1�.
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FIG. 7. Time-dependent numbers of r-mers during thermal deg-
radation and fragmentation of N0=100 identical 4-mer chain aggre-
gates of types �1 with the sequence of the link orders 4-1-3 �dashed
curves�, and chain aggregates �2 with the sequence of the link
orders 3-4-1 �dashed curves�. Decrease of number of the 4-mers
occurs in the same way for both the initial aggregates �see the solid
curve for 4-mers�. � is the evaporation time for a single bond in a
first-order link. No interaction between multiple bonds in a link is
assumed �i.e., the � coefficients are all equal to 1�.
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allows determination of evolutionary kinetics of the aggre-
gates, typical fragmentation times, time-dependent aggregate
numbers �concentrations� in intermediate fragmentation
modes, analysis of possible particle accumulation in these
intermediate modes due to fragmentation delays, and inves-
tigation of the effects of additional interaction between mul-
tiple bonds on fragmentation kinetics.

In particular, it has been demonstrated that the distribution
of multiple bonds within an aggregate and its initial internal
structure may have a drastic impact on the fragmentation
kinetics and the related time-dependent particle size distribu-

tions. Additional interaction between multiple bonds �e.g.,
bonding molecules� is also shown to have a very substantial
impact on aggregate fragmentation.

The obtained results will be important in a wide range of
areas in physics, physical chemistry, and interdisciplinary
science, including degradation of polymers, polymer net-
works, large biological molecules, formation and evolution
of particle modes in combustion aerosols caused by transport
and industry emissions, formation and degradation of surface
nanostructures, self-assembling systems, etc.
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